Highly responsive, or 'smart' materials are abundant in Nature; individual cells, for instance, can adapt their mechanical properties to the local surroundings through small changes in their internal structure. An effective method to enhance the responsiveness of synthetic materials is to operate near a critical point, where small variations lead to large changes in material properties. Recent theories have suggested that fibre/polymer networks can show critical behaviour near and below the point of marginal connectivity that separates rigid and floppy states [1] [2] [3] [4] . To date, however, experimental evidence for criticality in such networks has been lacking. Here, we demonstrate critical behaviour in the stress response of synthetic hydrogels at low concentrations of order 0.1% volume fraction. We show, using computer simulations, that the observed response to stress can be understood by considering the influence of a zero-temperature critical point, i.e. the Maxwell isostatic point [5] , together with the intrinsically nonlinear stretch response of semiflexible polymer strands in the gel.
The isostatic point identified 150 years ago by Maxwell [5] has proven to be a rich source of inspiration for novel physics, ranging from jamming [6, 7] to zero-temperature critical behaviour [1, 2] and even nonquantum topological matter [8] . However, most of this work has been theoretical, and experimental realisations of such criticality have been limited to granular and colloidal particle packings, which exhibit a critical point at the jamming transition. At this point, various signatures of criticality can be seen, including a shear modulus that varies with the volume fraction φ as G ∼ |φ−φ c | 1/2 [6, 7] , where φ c is the jamming point which is of order unity. Interestingly, fibre networks are expected to show similar critical behaviour at much lower concentrations than jammed particle packings.
There remain important experimental challenges, however, in creating networks near a critical point, including controlling microstructural parameters. Network connectivity z is a particularly important parameter, since it quantifies the distance from the isostatic point z c at which the number of degrees of freedom is just balanced by the number of constraints imposed by connecting polymer strands: networks are rigid for higher connectivities and floppy below this point. The synthetic hydrogels we study have recently been shown to allow a high degree of control over both the network connectivity and the filament properties [9] . Above their gel point, these hydrogels exhibit a nonlinear elastic response similar to many biopolymer systems, in which the network stiffness, defined by the differential shear modulus K = dσ/dγ, increases with increasing shear strain γ, and scales with shear stress σ as σ 3/2 [10, 11] . Here, we focus on the regime near and below the gel point, where we find a sublinear stiffening response to an applied shear strain, with K ∝ σ α<1 , and we show that this unexpected nonlinear elastic response is a consequence of criticality associated with the isostatic critical point. Importantly, this work implies that the influence of isostaticity can extend to network connectivities very far below the isostatic critical point.
We performed rheology experiments in both linear and nonlinear elastic regimes for a range of temperatures near the gel point for this system. For temperatures in the range from 19.5 to 21
• C, we observe a weak initial linear elastic regime, followed by a power-law stiffening with K ∝ σ α and α ≃ 0.64 (see inset to Fig. 1 ). The linear shear modulus G 0 appears to vanish for temperatures below T ≃ 19
• C, which we identify as the gel point for our system. For lower temperatures, in the range of 17 to 19
• C, we observe an initial nonlinear regime with α ≃ 0.8 over about an order of magnitude in stress, as shown in Fig. 1 .
The observed stiffening exponents α ≃ 0.64 and α ≃ 0.8 are consistent with recently predicted nonlinear elasticity of spring networks near and below the isostatic, or marginal, point [1, 3] . Near the marginal point in spring networks, a variety of critical behaviours are predicted, including an approximate square-root dependence on various stabilizing fields, such as stress [1, 3] , thermal fluctuations [4] and bending rigidity [2] . A simple meanfield argument suggests the appearance of K ∼ σ α with α ≃ 1/2: in a marginal network, the linear shear modulus vanishes but any finite stress stabilises the network, such that the modulus increases with strain γ as |γ|, resulting in σ ∼ γ 2 and dσ/dγ ∼ σ 1/2 [1, 12] .
Thus, an approximate square-root dependence of K on stress is expected near the critical, or marginal, state, indicated by the α ≃ 1/2 regime in the phase diagram in Fig. 2 . Below this marginal state, in a regime of ini-tially floppy systems, an approximate linear dependence of K on the stabilising field σ is expected, much as a linear dependence of the magnetisation is expected in a paramagnetic-like phase. Importantly, however, the critical regime indicated by α ≃ 1/2 is not limited to systems finely-tuned to the naïve isostatic connectivity, z c , but, depending on the applied stress, is expected to persist to much lower connectivities [2] [3] [4] . Our simulations demonstrate this, as well as showing exponents α that deviate from the mean-field values. Moreover, as the stress is increased beyond the initial K ∼ σ α regime, our gels exhibit a second stiffening regime, for which we define a second exponent β ≃ 1.2 that is distinct from the asymptotic exponent of 1.5 observed previously [9] . We hypothesise that this arises from the nonlinear effective spring constant of the polymers making up the network [9-11, 13, 14] . As the stress increases, these polymers stretch and enter a nonlinear regime characterised by a force-extension relation in which the force f ∼ 1/|1 − ǫ| 2 [13, 15, 16] depends on the extension ǫ relative to full extension (ǫ = 1). An effective spring constant k sp ∝ f 3/2 emerges, where f ∝ σ is the force on the polymer. This results in a stress dependence given by [3] 
In order to test this, we perform computer simulations on 2D and 3D networks consisting of model polymers connected at N nodes, with the nodes acting as crosslinks between filament segments. The systems contain N f = zN/2 segments where z is the average coordina- tion number (connectivity) of the network. We consider network topologies where the nodes are arranged on a lattice. The connectivity is lowered by removing randomly chosen segments, and the networks become mechanically floppy below a critical connectivity z c ≃ 2d, where d is the dimensionality [2, 5] . We use two types of model filaments (see methods), the first of which is a chain of Hookean springs. Here, in contrast to real semiflexible polymers, the filament segments may stretch indefinitely and they show only a linear force vs extension, which is not expected to accurately describe our experimental system at high stress, but can describe the behaviour at low stress. In order to capture the behaviour of semi-flexible polymers, we use a second model where the filament stretch response is initially linear, followed by a strong stiffening due to the pulling out of thermal bending modes. In both models, the filament stiffness is controlled by an effective spring constant k sp , which is related to the ratio of the persistence length to the segment contour length ℓ p /ℓ 0 (see supplemental material [17] ).
We first show the behaviour of the modulus K as a function of σ for simulated 2D and 3D networks us-
Phase diagram Schematic phase diagram of the various regimes of network response as a function of connectivity z (average coordination of network nodes) and stress σ. Here, zc is the critical connectivity, above which a purely Hookean network becomes mechanically rigid at zero temperature and stress, while zp is the percolation point. The exponent α indicates different regimes of stress dependence, characterised by network stiffness K ∼ σ α k 1−α sp , where ksp is the spring constant. The critical regime, governed by the isostatic point, where α is approximately given by the mean-field value of 1/2, is indicated in red. In the lower left (1/2 < ∼ α < ∼ 1) regime, α gradually increases toward 1 as z is decreases. The arrow indicates the direction taken as we increase the temperature in our experimental hydrogels. ing Hookean springs. For systems close to the marginal point ( Fig. 3(a) ), we find that athermal networks, where ℓ p /ℓ 0 → ∞ [17], exhibit no initial linear response to an applied shear strain γ. As the temperature is increased, ℓ p /ℓ 0 decreases, and a linear response regime emerges where we find K = G 0 . This initial linear shear modulus is known to have a mixed dependency, with both the spring constant and thermal fluctuations [4] contributing, and it increases (in units of k sp ) as ℓ p /ℓ 0 decreases. This is followed by an increase in K once the stress exceeds a critical value σ c , giving a K ∼ σ α dependence with α < 1. For 2D networks we find α ∼ 0.6 while for 3D networks we see α ∼ 0.55, which are similar to the values observed experimentally and also close to the mean-field value of α = 1/2 [1] . As the modulus and stress have the same units, on dimensional grounds, K should then show an additional dependence on the other energy scales in our model, i.e., either the spring constant or the temperature. Finally, at high stresses, we see that K becomes invariant to σ and begins to scale as K ∼ k sp , corresponding to pure stretching of the springs. We note that the size of the K ∼ σ α stiffening regime is sensitive to the ratio ℓ p /ℓ 0 ; if this ratio is too small, G 0 will be large enough to dominate the response. For networks below the marginal point we find, after the initial linear response G 0 regime, a stress dependent regime with a stiffening exponent α that increases as z decreases. This eventually shows an approximate linear stress dependence, where K ∼ σ, at sufficiently low z, as can be seen in Fig. 3(a) . Interestingly, we find that as we increase the stress, even sub-marginal networks can exhibit marginal behaviour with α ≃ 1/2. Thus, the influence of the isostatic point extends well below z = z c . Finally, we again find a pure k sp dependence at high stress.
In order to understand the intermediate regime corresponding to 1Pa < ∼ σ < ∼ 10Pa in Fig. 1 , which was not observed in our simulations with Hookean springs, we simulated networks with the nonlinear response of semiflexible filaments incorporated. Our results are shown for both 2D and 3D networks in Fig. 3(b) . Following an initial K ∼ σ α stiffening, where α has the same value as for Hookean spring networks, we find both K ∼ σ β and K ∼ σ 3/2 regimes, where β obeys Eq. (1). This is in agreement with the phase diagram in Fig. 2 , with both
at intermediate stress and K ∼ k sp at high stress, where k sp ∝ σ 3/2 , consistent with known extensional properties of semi-flexible polymers [9] [10] [11] [12] [13] [14] [15] [16] . These observations can account for our experimental results for 1Pa < ∼ σ < ∼ 10Pa. In Fig. 4 , we show data for experimental networks at T = 19.5 − 20.5
• C with K (and σ) scaled by the shear modulus G αβ (and stress σ αβ ) at which we observe the cross-over from α to β regimes. Here we find an excellent collapse of the data with α ∼ 0.64 and β ∼ 1.18. In the inset we show the values of α and β found for temperatures from 17 to 21
• C, which again show good agreement with the relation given in Eq. (1). Importantly, the prediction (dashed line) contains no adjustable parameters. Finally, we also observe an evolution of the exponent α as the temperature is decreased (Fig. 4(c) ). This is consistent with the trend predicted in the simulations where the initial stiffening exponent α increases from approximately 1/2 near the marginal point towards α ≃ 1 as one moves to lower z values (Fig. 4(b) ). This behaviour is indicated in the schematic phase diagram in Fig. 2 by the solid arrow, corresponding to the exponent one would find for increasingly large temperatures at a given stress.
These results show that synthetic hydrogels exhibit an elastic response consistent with predicted critical behaviour associated with isostatic and sub-isostatic networks. Surprisingly, even networks deep into the subisostatic regime are able to exhibit such behaviour. This suggests that the marginal point is an important mechanism for controlling the elastic response of networks, and our results support the phase diagram in Fig. 2 , indicating a very broad range over which critical control of network mechanics is possible. We also identify the ratio of the persistence length to the cross-link separation, ℓ p /ℓ 0 , as a key design parameter, which should be of the order of 0.1 − 10 to achieve critical control of network mechanics. When the polymers are too flexible, for instance, the linear shear modulus dominates over the critical stiffening behaviour. Thus, for synthetic polymers that are usually flexible, controlled bundle formation may be important for future materials development using these principles. In summary, this work demonstrates an experimentally realizable system that exhibits mechanical critical behaviour, opening the way for further experimental studies of marginal/isostatic networks.
METHODS
Experiment. Our gels were synthesised and purified following a previously described procedure [9] . The catalyst/monomer ratio of 1 : 2000 yielded a polymer of average molecular weight M v = 400 kg mol −1 as determined by viscometry. For gel studies, the polymer was dissolved in purified water (milliQ) by stirring for at least 24 hrs at 4
• C. Rheology was performed with a stress-controlled rheometer (Discovery HR-1, TA Instruments) with an aluminium parallel plate geometry (40 mm diameter) and a gap of 500 µm. Samples were inserted in the rheometer at 5
• C (i.e. as a liquid) and gelation occurred between the parallel plates by raising the temperature. Drying of the sample was prevented by maintaining a moist atmosphere. The storage modulus in the linear regime was obtained by applying an oscillatory strain of 1% at a frequency of 1 Hz and measuring the sinusoidal stress response. The non-linear regime was probed by applying a steady pre-stress σ to the sample and superposing a small oscillatory stress with an amplitude of |δσ| < 0.1σ at a frequency of 0.1 − 10 Hz. The differential modulus was calculated from the oscillatory strain response δγ, as K = ∂σ/∂γ = δσ/δγ. Simulation. Our simulations use lattice based networks, where the network nodes are arranged on a triangular lattice in 2D and on an FCC lattice in 3D. Nearest neighbour nodes are then linked with filament segments to give fully connected networks with z = 6 in 2D and z = 12 in 3D. We initially consider Hookean springs as the model segments, which have been used in many previous studies [2] [3] [4] 18] and for which stretching and compression of a segment i involves an energy cost given by.
where ℓ i is the length and ℓ 0,i is the contour length of segment i. We also use a potential which more accurately describes the experimental filaments [19] . The full model is outlined in the supplemental material [17] , and can be summarized by the force along a stretched segment which is given by f = 9k B T ℓ p ℓ 2 0,i
where the dimensionless extension ǫ = 6ℓ p (ℓ i − ℓ 0,i )/ℓ 2 0,i . This force diverges near full extension, where ǫ → 1.
Here, T is the temperature, k B the Boltzmann constant and ℓ p is the persistence length of the filaments. For lattice networks, the contour lengths are identical for all segments. We note that for the results presented here we do not apply a bending stiffness to the filaments for reasons of computational efficiency, as it can be shown that this does not effect the stiffening behaviour we observe [17] . We use Lees-Edwards boundary conditions to shear networks [20] with periodic boundary conditions. After applying a shear strain γ to the system, we calculate the shear stress σ and differential modulus K as described in Refs. [4, 21] .
